Abstract. In this paper, a new sign distance-based ranking method for fuzzy numbers is proposed. It is a synthesis of geometric centroid and sign distance. The use of centroid and sign distance in fuzzy ranking is not new. Most existing methods (e.g., distance-based method [9] ) adopt the Euclidean distance from the origin to the centroid of a fuzzy number. In this paper, a fuzzy number is treated as a polygon, in which a new geometric centroid for the fuzzy number is proposed. Since a fuzzy number can be represented in different shapes with different spreads, a new dispersion coefficient pertaining to a fuzzy number is formulated. The dispersion coefficient is used to fine-tune the geometric centroid, and subsequently sign distance from the origin to the tuned geometric centroid is considered. As discussed in [5] [6] [7] [8] [9] , an ideal fuzzy ranking method needs to satisfy seven reasonable fuzzy ordering properties. As a result, the capability of the proposed method in fulfilling these properties is analyzed and discussed. Positive experimental results are obtained.
Introduction
Fuzzy ranking attempts to order a set of fuzzy numbers. The importance of fuzzy ranking in many application domains has been highlighted in the literature, e.g., decision-making [1] , data analysis [2] , risk assessment [3] and artificial intelligence [4] . Indeed, many fuzzy ranking methods have also been developed [1] [5] [6] . These methods can be categorized into three categories [5] [6] ; i.e., (1) transforming a set of fuzzy numbers into crisp numbers and subsequently ranking the crisp numbers; (2) mapping a set of fuzzy numbers to crisp numbers based on a pre-defined reference set(s) for comparison; (3) ranking through pairwise comparison of fuzzy numbers. In this paper, our focus is on the first category, which is straightforward as compared with the other two categories. Nevertheless, the challenge is to develop a method that satisfies a set of reasonable ordering properties [5] [6] [7] [8] [9] , as detailed in Section 2.2. Recently, a number of methods, e.g., deviation degree-based [8] [10], distancebased [9] [11], centroid-based [12] , and area-based [13] , have been proposed. However, many of these methods [8] [10] [11] [12] [13] do not have analysis pertaining to fulfillment of the reasonable ordering cated when fuzzy numbers e.g., as illustrated in Fig. 1 
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The following mathematica bers, represents a fuzzy Definition 1, as follows, is c y, and C.P. Lim properties [5] [6] [7] [8] [9] . Besides that, fuzzy ranking is com s are presented as different shapes with different sprea [8] .
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al notations are widely used. denotes a set of real nu number, and for its membership function, considered. This paper focuses on fulfillment of these seven reasonable ordering properties for trapezoidal fuzzy numbers. Note that the addition and multiplication operators in P5 and P6 are based on fuzzy arithmetic operators as follows:
Fuzzy Addition operator [11] :
Fuzzy Multiplication [11] :
Fuzzy Image [7] - [9] : Fuzzy image of , , , is , , , .
The Proposed Methodology
Consider fuzzy numbers, , i.e., , , … , , in space ∞, ∞ , which have to be ranked. The proposed method is summarized into five steps as follows:
Step 1: Transform each fuzzy number , , , into a normalized fuzzy number , , , using Eq. (2).
Step 2: Discretize the support of into points, i.e., , 1,2,3 … , , and obtain , where . The discretized points are expressed in a sequence of , , … , , where and are the left-and right-end points of , i.e., and , respectively. The discretized points in the horizontal component, i.e., , are computed using Eq. (5). On the other hand, the discretized points in the vertical component, i.e., , are computed using Eq. (1). The discretized points for are expressed in Eqs. (6) and (7) as follows.
,
where 1, 2, … , , 1, 2, 3, … , .
Step 3: Compute the centroid of (i.e., , ). In this paper, the geometric centroid [15] is adopted, whereby and are obtained with Eqs. (8) and (9), as follows.
where
Step 4: Refine the centroid (i.e., , ) using Eqs. (10)- (13) to obtain the new centroid, i.e., , .
, (12) ,
where denotes a dispersion coefficient of , and max , ,…, , 1, 2, 3, … , .
Step 5: Compute the ordering index, , using Eqs. (14)- (15) as follows.
, (15) where indicates the p tween point ( , ) an indicate a higher the rankin
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Analysis of the Seven Reasonable Ordering Properties
Three fuzzy numbers , , and , are considered, where , , and are normalized fuzzy numbers. An ideal fuzzy ranking method should comply with the seven reasonable ordering properties [5] [6] [7] [8] [9] as follows:
P1:
occurs if and occurs if . Therefore, is always true, if ~ .
P2:
occurs if and occurs if . Therefore, is always true, for .
P3:
If Ø , and if is on the right side of , then is always true.
P4:
and are computed separately to order and . Therefore, the ranking outcome is not affected by other fuzzy numbers under comparison. The proof for P1-P4 is straightforward. Analysis of P5, P6 and P7 are more complicated, and are further illustrated with an example in [8] . The details are presented in the following section.
P5:

An Empirical Study
Consider an example in [8] , 2,4,4,6 ; 1,5,5,6 , and 3,5,5,6 as shown in Fig. 4(a) . , , , and (as depicted in Fig. 4(b) and Fig. 4(c) ) are computed using fuzzy addition and fuzzy multiplication as summarized in Eqs. The objective of this sec per, 11 is considered Columns " ", " ", , respectively. Column indexes for and " " show the order " ", " " and " , respectively. y, and C.P. Lim rs, , , and , (b) fuzzy addition, and d
, and (d) fuzzy images , and malized fuzzy numbers of fuzzy numbers in Fig.4 ction is to analyze P5, P6, and P7 empirically. In this d. The experimental results are summarized in Table  , and " " show the ordering indexes for , , ns " " and " " show the order d , respectively. Columns " " ring indexes for and , respectively. Colum " " show the ordering indexes for , ,
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Concluding Remarks
In this paper, a new fuzzy ranking method is proposed. It constitutes a solution for ranking fuzzy numbers. The proposed method has been empirically analyzed using benchmark examples. The seven reasonable ordering properties i.e., P1-P7 [5] [6] [7] [8] [9] , have been satisfied empirically. The rationale and implications of the proposed method have also been analyzed and discussed. For future work, the proposed method can be extended to measure similarity between fuzzy numbers. Application of the proposed method to decision making [17] will also be investigated.
